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A long standing conjecture of Havel (1984) [10] states that every equipartite tree with
maximum degree 3 on 2n vertices is a spanning subgraph of the n-dimensional hypercube.
The conjecture is known to be true formany subclasses of trees. Havel and Liebl (1986) [12]
showed that every equipartite caterpillar with maximum degree 3 and having 2n vertices
is a spanning subgraph of the n-dimensional hypercube. Subsequently, Havel (1990) [11]
remarked that the problem of verification of the conjecture for subdivisions of caterpillars
with maximum degree 3 has remained open. In this paper, we show that a subdivision
of a caterpillar with 2n vertices and maximum degree 3 is a spanning subgraph of the
n-dimensional hypercube if it is equipartite and has at most n − 3 vertices on the spine.
The problem of embedding such trees that have spines of arbitrary length is still open.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
For standard graph theoretic notation and terminology, we refer the reader to West [20]. Given any two graphs G and H ,
an injection f : V (G)→ V (H) is an embedding of G into H if f (u) and f (v) are adjacent in H whenever u and v are adjacent
in G. If G embeds inH , then G is isomorphic to a subgraph ofH . If f is a bijection, then G is isomorphic to a spanning subgraph
of H .
Implementation of a parallel algorithm on a parallel computer can be modeled as an embedding problem. Therefore,
spanning subgraphs of interconnection networks have been a subject of both theoretical and applied research; see
[7,14,15]. Many interconnection networks of parallel computers are Cartesian products of paths, cycles, trees or complete
graphs. Hypercubes belong to one such class of networks.
Definition 1.1. The n-dimensional hypercube, Qn, is the graph with vertex set V (Qn) = {X = x1, . . . , xn : xi ∈ {0, 1}, 1 ≤
i ≤ n} and edge set E(Qn) = {XY : X = x1, . . . , xn, Y = y1, . . . , yn and xi ≠ yi for exactly one i, 1 ≤ i ≤ n}.
Alternatively, Qn is recursively defined through the Cartesian product of graphs as Q1 = K2 and Qn = Qn−1K2. Using
this definition, Qn (n ≥ 2) is constructed in three steps from Qn−1 as follows:
(a) Take two copies of Qn−1, say Q ′n−1 and Q
′′
n−1.
(b) Append 0 to each vertex of Q ′n−1 and 1 to each vertex of Q
′′
n−1.
(c) Join the vertices X ′ = X0 and X ′′ = X1 by an edge, for every X ∈ Qn−1.
The set of edges {X ′X ′′ : X ∈ Qn−1} is a perfect matching in Qn and is denoted by [Q ′n−1,Q ′′n−1]. Further observe that the
above construction is reversible in the sense that by deleting the set of edges {X ′X ′′ ∈ E(Qn) : X ′ = x1, . . . , xn−10 and X ′′ =
x1, . . . , xn−11} from Qn, we obtain a graph with two components each isomorphic to Qn−1, denoted by Q ′n−1 and Q ′′n−1. This
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operation of splitting is called a canonical decomposition of Qn and is denoted by Qn = Q ′n−1⊖Q ′′n−1; see [15]. If X ′ ∈ V (Q ′n−1),
then the unique vertex of Q ′′n−1 which is adjacent to X ′ is denoted by X ′′ or X ′ |Q ′′n−1 .
Havel and Morávek [13] characterized the subgraphs of Qn and using this characterization showed that certain trees are
embeddable into hypercubes.
Theorem 1.1 (Havel and Morávek [13]). A graph G is a subgraph of Qn if and only if there exists a proper n-edge coloring of G
such that:
(1) In every path of G, at least one color appears an odd number of number of times.
(2) In every cycle of G, every color appears an even number of times. 
However, the following tree-embedding decision problem is known to be NP-complete [19]: given a tree T and an integer n,
can T be embedded in Qn?
A bipartite graph is equipartite if its two parts are of equal size; these are referred to as color classes. So, every vertex
belongs to one of the color classes. Throughout this paper, the color c(v) of a vertex v in a bipartite graph refers to the color
class to which it belongs. Observe that the graph Qn is equipartite and n-regular. If a graph H is a spanning subgraph of Qn,
then H is equipartite, has maximum degree at most n, and has 2n vertices. However, the converse does not hold. For every
k such that 4 ≤ k ≤ n, there exist equipartite trees on 2n vertices with maximum degree k that do not span Qn (see [12]). A
tantalizing conjecture was formulated by Havel [10]:
Conjecture 1.2 (Havel [10]). Every equipartite tree on 2n vertices with maximum degree 3 embeds in Qn.
The conjecture is still open. However, several subclasses of equipartite trees on 2n vertices withmaximum degree 3 have
been shown to embed in Qn; see [1–5,8–12,16,18]. In particular, the conjecture has remained open for the subdivisions of
caterpillars with maximum degree 3 (a caterpillar is a tree whose non-leaf vertices induce a path called its spine). We use
the term 1-caterpillar to denote a caterpillar with maximum degree 3, since each internal vertex of the spine has at most
one leaf neighbor; these trees have been studied in [1,9,10,12,16].
Definition 1.2 (Havel et al. [11]). A subdivision of a 1-caterpillar is a generalized 1-caterpillar. That is, any generalized
1-caterpillar T contains a path P called the spine of T such that all the vertices of degree 3 lie on P . The paths obtained
by deleting the vertices of P are called the legs of T .
In this paper, we show that a generalized 1-caterpillar with 2n vertices embeds in the n-dimensional hypercube if it
is equipartite and has at most n − 3 vertices on the spine. The problem of embedding such trees with spines of arbitrary
length remains open. It may be relevant to compare our results proved herewith those proved in [12].While the generalized
1-caterpillars considered in this paper have few vertices on the spine and have legs of arbitrary length, the 1-caterpillars
considered in [12] have arbitrary number of vertices on the spine and legs of length at most 1.
A path with origin u and terminus v is a u, v-path. It is also denoted by P(u, v). When f is the embedding of interest, we
denote f (x) by X for notational convenience.
2. Preliminary setting
To embed an equipartite generalized 1-caterpillar on 2n vertices into Qn we use induction on n. We break the given
generalized 1-caterpillar into a smaller equipartite generalized 1-caterpillar T on 2n−1 vertices and an equipartite forest F of
paths on 2n−1 vertices. While T is embedded into Qn−1 by induction, F is embedded into Qn−1 by using the following known
theorems, which are special cases of more general results.
Theorem 2.1 (Nebeský [17]). Let n and k be integers such that n ≥ 4 and 1 ≤ k < n. If
(i) u1, . . . , uk are given distinct vertices of Qn, and
(ii) a1, . . . , ak are positive even integers such that a1 + · · · + ak = 2n,
then there exist vertex-disjoint paths P(1), . . . , P(k) in Qn, where each P(i) is a path having ai vertices and origin ui, for 1 ≤ i ≤
k. 
The following extension is proved in [6].
Theorem 2.2 (Choudum et al. [6]). Let n and k be integers such that n ≥ 4 and 2 ≤ k < n. If
(i) u1, u2, . . . , uk are distinct vertices of Qn such that c(u1) ≠ c(u2) when k ≤ 3, and u1u2 ∈ E(Qn) when k > 3, and
(ii) a1, a2 are positive odd integers and a3, . . . , ak are positive even integers such that a1 + a2 + · · · + ak = 2n,
then there exist vertex-disjoint paths P(1), P(2), . . . , P(k) in Qn, where each P(i) is a path having ai vertices and origin ui, for
1 ≤ i ≤ k. 
To break the given generalized 1-caterpillar as explained at the beginning of this section,we require the following lemmas
on partitions of an integer.
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Fig. 1. An equipartite generalized 1-caterpillar ∈ C(6; 5).
Lemma 2.3. Let n, s and k be positive integers such that s ≤ n− 3 and 4 ≤ k ≤ n− 1. Let p1 ≥ p2 ≥ · · · ≥ pk be non-negative
integers. If
∑k
i=1 pi ≥ 2n − s− 4, then
∑k−1
i=1 pi ≥ 2n−1 + (k− 1).
Proof. The contrary assumption
∑k−1
i=1 pi ≤ 2n−1+k−2 implies that pk =
∑k
i=1 pi−
∑k−1
i=1 pi ≥ (2n−s−4)−(2n−1+k−2) ≥
2n−1 − 2n + 2 (since s ≤ n − 3 and k ≤ n − 1). So, 2n−1 + n − 3 ≥ ∑k−1i=1 pi ≥ (k − 1)pk ≥ (k − 1)(2n−1 − 2n + 2) ≥
3(2n−1 − 2n+ 2). On simplification, we get 7n− 9 ≥ 2n, which is false if n ≥ 5. 
Lemma 2.4. Let p1, . . . , pα and d be non-negative integers and let α be a positive integer such that
∑α
i=1 pi ≥ d + α. If d is
even, then there exist non-negative even integers q1, . . . , qα such that (a) qi ≤ pi, for 1 ≤ i ≤ α, and (b)∑αi=1 qi = d.
Proof. For 1 ≤ i ≤ α, define ri =

pi − 1, if pi is odd,
pi, if pi is even
.
Observe that ri ≥ 0, ri ≡ 0(mod 2) and ri ≥ pi − 1, for 1 ≤ i ≤ α. If r1 ≥ d, it is sufficient to define q1 = d and qi = 0, for
2 ≤ i ≤ α. If r1 < d, define q1 = r1 and qi = min

d−∑i−1j=1 qj, ri, for 2 ≤ i ≤ α. We consider two cases.
Case 1: d−∑i−1j=1 qj ≤ ri, for some i, where 2 ≤ i ≤ α.
We have qi = d −∑i−1j=1 qj, so d = ∑ij=1 qj and hence by the definition, qk = 0, for all k with i + 1 ≤ k ≤ α. Thus
q1, . . . , qα are the requisite integers satisfying (a) and (b).
Case 2: d−∑i−1j=1 qj > ri, for all i such that 2 ≤ i ≤ α.
We have qi = ri, for 1 ≤ i ≤ α. So, in particular when i = α, we have d−∑α−1j=1 qj > rα = qα , that is, d >∑αj=1 qj. But
we also have
∑α
j=1 qj =
∑α
j=1 rj ≥
∑α
j=1(pj − 1) ≥ d (by the hypothesis). That is, we have
∑α
j=1 qj ≥ d >
∑α
j=1 qj. This
contradiction shows that only Case 1 can hold and hence the lemma is proved. 
We next combine the above two lemmas to obtain the following graph theoretical implication.
Lemma 2.5. Let n, s and k be integers as in the above lemmas. Let d be an even integer such that d ≤ 2n−1. If {P(1), P(2), . . . , P(k)}
is a family of uj, tj-paths and
∑k
j=1 |V (P(j))| ≥ 2n − s − 4, then there exists a set of paths {Q(1),Q(2), . . . ,Q(i)} where (a) 2 ≤
i ≤ k− 1, (b) each Q(j) is a yj, tj-subpath of P(j), (c) |V (Q(j))| is even and (d)∑ij=1 |V (Q(j))| = d.
Proof. Without loss of generality, let |V (P(1))| ≥ |V (P(2))| ≥ · · · ≥ |V (P(k))|. Applying Lemma 2.3 with pj = |V (P(j))|,
for j = 1, 2, . . . , k, we have∑k−1j=1 pj ≥ 2n−1 + (k − 1). Therefore, applying Lemma 2.4 to the integers p1, p2, . . . , pk−1
with d = 2n−1 and α = k − 1, we obtain non-negative even integers q1, q2, . . . , qk−1, where qj ≤ pj and∑k−1j=1 qj = d.
While proving Lemma 2.4, we have shown that there exists an integer i where 2 ≤ i ≤ k − 1 such that q1, q2, . . . , qi are
positive even integers, and qj = 0 if i + 1 ≤ j ≤ k − 1. For j = 1, 2, . . . , i, let xjyj be an edge on the path P(j) such that
dist(uj, xj) = pj − qj − 1 and dist(yj, tj) = qj − 1. By deleting the edges x1y1, x2y2, . . . , xiyi, we obtain the required family
of paths {Q(1)(y1, t1),Q(2)(y2, t2), . . . ,Q(i)(yi, ti)}. 
3. Generalized caterpillars in hypercubes
We introduce some more notation for generalized 1-caterpillars; see Fig. 1. Throughout this paper, let C(n; s) denote
the collection of all equipartite generalized 1-caterpillars on 2n vertices with s vertices, say, v1, v2, . . . , vs, on the spine.
Conjecture 1.2 has been verified for generalized 1-caterpillars with at most two vertices of degree 3; see [11]. So, we
assume that s ≥ 3, v1 is incident with two legs of positive order, say, L0(u0, t0), L1(u1, t1), vs is incident with two legs
Ls(us, ts), Ls+1(us+1, ts+1) of positive order, and every other spinal vertex, vi, for 2 ≤ i ≤ s − 1, is incident with at most
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one leg Li(ui, ti). We denote the number of vertices in the leg Li (0 ≤ i ≤ s + 1) by li, and write Li(ui, ti) := Li(ui :=
xi1, x
i
2, . . . , x
i
li
:= ti). For notational convenience, we denote vi by xi0, 1 ≤ i ≤ s.
We next state a property of an equipartite generalized 1-caterpillar in C(n; s).
Lemma 3.1. In every equipartite generalized 1-caterpillar T ∈ C(n; s), for s ≥ 2, there exists at least one pair of successive legs
(Lp, Lq), such that lp ≡ lq(mod 2), where (p, q) ∈ {(i, i+ 1) : 1 ≤ i ≤ s− 1} ∪ {(0, 2), (s− 1, s+ 1)}.
Proof. Assume the contrary. Let [W , B] be the bipartition of T . There are two cases to be considered, depending on s being
even or odd. We prove the lemma when s is even (a similar argument holds when s is odd).
The contrary assumption implies that for every (p, q) ∈ {(i, i + 1) : 1 ≤ i ≤ s − 1} ∪ {(0, 2), (s − 1, s + 1)}, lp − lq ≡
1(mod 2). So, l0 and l2i+1, for every i such that 0 ≤ i ≤ s2 − 1, are all odd integers, while ls+1 and l2i, for every i
such that 1 ≤ i ≤ s2 , are all even integers; see Fig. 2. By counting the number of vertices in each color class we get
|W | = s2+ l0+12 +
∑ s
2−1
i=0
l2i+1+1
2 +
∑ s
2
i=1
l2i
2 + ls+12 , and |B| = s2+ l0−12 +
∑ s
2−1
i=0
l2i+1−1
2 +
∑ s
2
i=1
l2i
2 + ls+12 . So, |W |−|B| = 1+ s2 ,
which is a contradiction to the hypothesis that T is equipartite. 
Theorem 3.2. If 1 ≤ s ≤ n− 3, then every generalized 1-caterpillar G in C(n; s) embeds in Qn.
Proof. We embed G into Qn by induction on n. If s = 1 or s = 2, then the theorem follows by the results proved in [11].
Hence, we proceed to the induction step, assuming that n ≥ 6, s ≥ 3, and the theorem holds for n− 1.
Before proving the theorem, we briefly explain the proof technique. Given an equipartite generalized 1-caterpillar G ∈
C(n; s), where s ≤ n− 3, we obtain an equipartite forest F on 2n−1 vertices, each component of which is a subpath of a leg
of G such that G \ V (F) is an equipartite generalized 1-caterpillar H ∈ C(n − 1; t), where t ≤ n − 4. We embed G into Qn
in three steps. In the first step, we embed H into Q ′n−1 by induction; see Fig. 3. In the second step, we embed F into Q
′′
n−1
by using Theorem 2.1 or Theorem 2.2. In the third step, we combine these two embeddings by using suitable edges of the
perfect matching [Q ′n−1,Q ′′n−1]. However, it requires some effort to obtain the family F , since F must contain either zero or
exactly two odd paths if we are to apply Theorems 2.1 and 2.2.
Now let us proceed to prove the theorem. By Lemma 3.1, there exist a pair of successive legs Lp, Lq in G, where (p, q) ∈
{(i, i + 1) : 2 ≤ i ≤ s − 1} ∪ {(0, 2), (1, 2), (s − 1, s), (s − 1, s + 1)}, such that lp ≡ lq(mod 2); choose (p, q) such that p
is minimum. Since we can renumber L0 as L1 and L1 as L0, and similarly, Ls as Ls+1 and Ls+1 as Ls, we assume, without loss of
generality, (p, q) = (i, i+ 1) for some i, where 1 ≤ i ≤ s− 1.
Case 1: li + li+1 ≤ 2n−1 − 2.
We first deal with the case where i lies in the range 2 ≤ i ≤ s − 2. Consider the (s + 2)-set of non-negative integers
{l0−1, l1−1, l2, . . . ,max{0, li−1−1}, li+1, li+1+1,max{0, li+2−1}, li+3, . . . , ls−1, ls+1−1}, whose sum is at least 2n−s−4.
Order the integers in decreasing order. Applying Lemma 2.3 followed by Lemma 2.5 with k = s + 2, we get a family F ⊆
{L0(x02, t0), L1(x12, t1), L2(u2, t2), . . . , Li−1(xi−12 , ti−1), viLi(ui, ti), vi+1Li+1(ui+1, ti+1), Li+2(xi+22 , ti+2), Li+3(ui+3, ti+3), . . . , Ls
(xs2, ts), Ls+1(x
s+1
2 , ts+1)} of subpaths of legs from G such that |F | = k − 1 = s + 1 ≤ n− 2 and
∑
P∈F |V (P)| ≥ 2n−1 + |F |.
Let F1 = F \ {viLi, vi+1Li+1}. Next we apply Lemma 2.4, again followed by Lemma 2.5, to the set of |F1|-integers represent-
ing the lengths of paths in F1 with d = 2n−1 − li − li+1 − 2 and α = |F1| ≤ n − 4. We get a family F2 = {Lj(xjk, tj) :
Lj(x
j
k, tj) is a subpath of Lj ∈ F1} such that (i) |F2| ≤ n− 4, (ii)
∑
P∈F2 |V (P)| = d = 2n−1 − (li + li+1 + 2), and (iii) |V (P)| is
even, for every P ∈ F2. Let F3 = F2 ∪ {viLi, vi+1Li+1}. The two paths {viLi, vi+1Li+1} together form an equipartite forest, since
li ≡ li+1(mod 2) and c(vi) ≠ c(vi+1). Therefore, F3 is equipartite, since each path in F2 is even. Now in G, delete the paths of
F3 and add the edge (vi−1, vi+2); see Fig. 4. This operation yields an equipartite generalized 1-caterpillarH ∈ C(n−1; s−2);
see Fig. 4. In the figure, a leaf zj denotes either tj or x
j
k−1 according to whether Lj ∉ F2 or Lj ∈ F2.
We are now ready to embed G into Qn; see Fig. 5. Recall that if f is an embedding of G into Qn, then we denote f (x) by X .
Step 1: Embed H into Q ′n−1 by induction.
Recall that for a vertex X ′ ∈ Q ′n−1, the (unique) vertex of Q ′′n−1 adjacent to X ′ is denoted by X ′′ and sometimes we also
denote X ′′ as X ′|Q ′′n−1 . Since vi−1 and vi+2 are adjacent in H, Vi−1 and Vi+2 are adjacent in Q ′n−1, and therefore the vertices V ′′i−1
and V ′′i+2 are adjacent in Q
′′
n−1. Also note that, if a leg Lj(x
j
k, tj) is in F2, then the corresponding leg in H has the terminus x
j
k−1.
This follows since Lj(x
j
k, tj) is obtained by deleting the edge x
j
k−1x
j
k from Lj(uj, tj).
Step 2: Embed F3 into Q ′′n−1 by using either Theorem 2.1 or Theorem 2.2 depending on the parity of the path viLi, and
choosing the vertices V ′′i−1, V
′′
i+2 and X
j
k−1|Q ′′n−1 (for every Lj ∈ F2) as one of the origins of the paths in F3.
Step 3: Delete the edge Vi−1Vi+2, and add the edges V ′′i−1V
′′
i+2, Vi−1V
′′
i−1, Vi+2V
′′
i+2, and X
j
k−1X
j
k−1|Q ′′n−1 , for every Lj ∈ F2.
The same technique can be applied when i ∈ {1, s− 1}. If i = 1, then G is embedded into Qn by adding the edge u0v3. If
i = s− 1, then G is embedded into Qn by adding the edge vs−2us+1.
Case 2: li + li+1 ≥ 2n−1.
Note that in C(n; s), either c(uo) ≠ c(ti) or c(uo) ≠ c(ti+1), since c(ti) ≠ c(ti+1); see Fig. 6. For definiteness, let
c(u0) ≠ c(ti); if li = 0, then we define ti = vi. (If c(u0) ≠ c(ti+1), a similar proof holds.)
Case 2.1: li > 0.
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Fig. 2. A generalized 1-caterpillar with no two successive legs of the same parity.
Fig. 3. Illustration of embedding a generalized 1-caterpillar of C(n; s) into Qn .
Fig. 4. A generalized 1-caterpillar H ∈ C(n− 1; s− 2) obtained by deleting the vertices of F3 , and adding the new edge vi−1vi+2 on the spine.
Fig. 5. Illustration for Case 1.
We define a new family F1 = {L0(u0, t0), Li(xij, ti), Li+1(xi+1k , ti+1)}, where xij ∈ Li and xi+1k ∈ Li+1 are so chosen that
l′i = |V (Li(xij, ti))| :=
2
n−1 − l0, if 2n−1 − l0 ≤ li,
li, if 2n−1 − l0 > li and li + l0 is even,
li − 1, if 2n−1 − l0 > li and li + l0 is odd,
and
l′i+1 = |V (Li+1(xi+1k , ti+1))| := 2n−1 − l0 − l′i.
It can be routinely verified that l0 ≡ l′i(mod 2) and so l′i+1 is a non-negative even integer. If l0 is even, then l′i and l′i+1 are even.
Therefore, every path in F1 is even and hence F1 is equipartite. If l0 is odd, then l′i is odd and so c(u0) = c(t0) and c(xij) = c(ti).
Therefore, L0(u0, t0) and Li(xij, ti) together form an equipartite graph, since c(u0) ≠ c(ti). Thus, F1 is equipartite. Therefore,
we conclude that G − V (F1) is an equipartite generalized 1-caterpillar H ∈ C(n − 1; s − 1). We can now complete the
embedding of G into Qn as before in three steps.
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Fig. 6. c(ti) ≠ c(ti+1), since li ≡ li+1(mod 2).
Case 2.2: li = 0; so li+1 ≥ 2n−1.
In this case, we have i ≤ s− 1, since ls, ls+1 are positive. Moreover, i ≥ 3, since l0, l1 are positive and by our assumptions
c(u0) ≠ c(ti) = c(vi); that is, if i = 2, then c(u0) = c(v2) = c(t2), which is a contradiction. Define a new family
F1 = {L0(u0, t0), Li−1(xi−1j , ti−1), Li+1(xi+1k , ti+1)}, where xi−1j ∈ Li−1 and xi+1k ∈ Li+1 are so chosen that
l′i−1 = |V (Li−1(xi−1j , ti−1))| :=

li−1, if l0 is odd,
li−1 − 1, if l0 is even,
and
l′i+1 = |V (Li+1(xi+1k , ti+1))| := 2n−1 − l0 − l′i−1.
We have l′i+1 ≥ 0, since li+1 ≥ 2n−1 and l0 + l′i−1 ≤ l0 + li−1 < 2n−1. Moreover, li−1 is odd by the minimality of i. Therefore,
l0 ≡ l′i−1(mod 2), by the definition of l′i−1. If l0 is even, then l′i−1 is even and therefore l′i+1 is even. Thus every path in F1 is
even and hence F1 is equipartite. If l0 is odd, then by the definition of l′i−1, Li−1(x
i−1
j , ti−1) = Li−1(ui−1, ti−1)which is an odd
path. So, c(u0) = c(t0) and c(ui−1) = c(ti−1). Therefore,
(i) Li+1(xi+1k , ti+1) is an even path, and
(ii) the two odd paths L0(u0, t0) and Li−1(ui−1, ti−1) together form an equipartite graph, since c(u0) ≠ c(ui−1). We can show
this latter inequality as follows:
c(u0) ≠ c(ti) (recall that this is our assumption)
= c(vi) (recall our convention that if li = 0 then ti = vi)
= c(ui−1).
The above two remarks imply that F1 is equipartite. Therefore, we conclude that G − V (F1) is an equipartite generalized
1-caterpillar H ∈ C(n− 1; s− 1). We can embed G into Qn as before. 
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